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Abstract 

We generalize the notion of proper stack introduced by Kashiwara and 
Schapira to the case of a general site, and we prove that a proper stack is 
a stack. 
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Introduction 

In [3] Kashiwara and Schapira defined the notion of proper stack on a locally 
compact topological space X. A proper stack is a separated prestack S satis- 
fying suitable hypothesis. They proved that a proper stack is a stack. In this 
paper, we generalize the notion of proper stack to the case of a site X associated 
to a small category Cx and we prove that a proper stack is a stack. 
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1 Review on Grothendieck topologies and sheaves 



Let C be a categorjQ. As usual we denote by the category of functors from 
C°P to Set and we identify C with its image in via the Yoneda embedding. If 
A € C^, we will denote by Ca the category of arrows U ^ A with U e C. When 
taking inductive and projective limits on a category / we will always assume 
that / is small. 

We recall here some classical definitions (see [2]), following the presentation 

of g. 

Definition 1.1 A Grothendieck topology on a small category Cx is a collection 
of morphisms in Cx called local epimorphisms , satysfying the following condi- 
tions: 

LEI For any U G Cx, idy : U ^ U is a local epimorphism. 

LE2 Let Ai ^ A2 ^ A3 be morphisms in C^- If u and v are local epimor- 
phisms, then V o u is a local epimorphism. 

LE3 Let Ai ^ A2 ^ A3 he morphisms in C^ ■ If v o u is a local epimorphism, 
then V is a local epimorphism. 

LE4 A morphism u : A ^ B in Cx is a local epimorphism if and only if for 
any U G Cx and any morphism U ^ B, the morphism A x b U ^ U is a 
local epimorphism. 

Definition 1.2 A morphism A ^ B in Cx is a local monomorphism if A ^ 
A X B A is a local epimorphism. 

A morphism A ^ B in Cx is a local isomorphism if it is both a local epi- 
morphism and a local monomorphism. 

Definition 1.3 A site X is a category Cx endowed with a Grothendieck topol- 
ogy- 
Let A be a category admitting small inductive and projective limits. 

Definition 1.4 An A-valued presheaf on X is a functor A. A morphism 

of presheaves is a morphism of such functors. One denotes by Fsh{X, A) the 
category of A-valued presheaves on X. 

If F e Psh(X, A) , it extends naturally to Cx by setting 

F(A) = lim F{U), 

{u^A)eCA 

where A e Cx and U eCx. 

^We shall work in a given universe U, small means W-small (i.e. a set is W-small if it is 
isomorphic to a set belonging to U) and a category C means a W-category (i.e. Homc(X, V) 
is W-small for any X,Y £ C). 
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Definition 1.5 Let X be a site. 

• One says that F e Psh(X, A) is separated, if for any local isomorphism 
A U with U e Cx and A G Cx, F{U) F{A) is a monomorphism. 

• One says that F £ Psh{X, A) is a sheaf, if for any local isomorphism 
A U with U e Cx and A € C^, F{U) F{A) is an isomorphism. 



2 Review on stacks 

Let Cx be a small category. We suppose that a Grothendieck topology on Cx 
is defined and we denote by X the associated site. We recall some classical 
definitions (see [1]), following the presentation of [4]. 

Definition 2.1 A prestack S on X is the data of: 

• for each U G Cx, a category S{U), 

• for each V ^ U £ Cu , a functor jvu* ■ 3(11) S{V), 

V U , an isomorphism of functors 



• given U,V,W G Cx and W 
^wvu ■ iwv* o ivu* jwu 



* , 

such that 

• juu* — id5([/), 

• given {C/ijig/ £ Cx , i=l,2,3,4 and Ui 
diagram commutes: 



Us ^ Ui, the fo 



Jl2* ° J23* ° J34* 

Al23 



Jl3* o J34* 



■ Jl2* O J24* 

Ai24 



■ Jli* 



Let lim iS(C/) denote a category defined as follows. An object F of lim S{U) 

ueCx ueCx 
is a family {{Fu)u, (V'n)«} where 

• for any U G Cx, Fu G 0b(5(C/)), 

• for any morphism Ui ^ U2 in Cx, V'12 : ji2*Fu2 ^c/i is an isomor- 
phism, such that for any sequence Ui ^ U2 ^ U3 the following diagram 
commutes 



•l/'23 



jl2*j23*Fu3 ^jl2*Fu2 



jl3*Fu3 



F 



Ui- 
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Note that ipa^ = idp^ for any U G Cx- 

The morphisms are defined in natural way. Let F,G^ lim S{U). Then 

ueCx 

Horn lim S(U){F,G) - 1™ iioms{u){Fu,Gu)- 
"<^cx ueCx 

For any A G Cx , we set 

S{A) = lim S{U) 

{u-*A)eCA 

A morphism ip : A B in Cx defines a functor Jab* ■ S{B) S{A), therefore 
a prestack on Cx extends naturally to a prestack on Cx- 

Definition 2.2 Let X be a site. 

• A prestack S on X is called separated if for any U G Cx, and for any local 
isomorphism A ^ U in Cx, Jau* ■ S{U) S{A) is fully faithful. 

• A prestack S on X is called a stack if for any U € Cx , and for any local 
isomorphism A ^ U in Cx, Jau* ■ SiU) S{A) is an equivalence. 

Proposition 2.3 Let S be a prestack on X . Then S is a stack if and only if S 
satisfies the following conditions: 

(i) S is separated, 

(a) for any U G Cx and for any local isomorphism A ~^ U the restriction 
functor Jau* '■ ^{U) S{A) admits a left adjoint satisfying Jau* ° 
~ id (or, equivalently, the functor j^lj is fully faithful). 

Proof. The result follows from the fact that two categories are equivalent if 
and only if they admit a pair of fully faithful adjoint functors. 

□ 



3 Proper stacks 



Let Cx be a small category. In this section we extend a result of [3] to the case 
of a site X associated to a small category Cx ■ 

Let iS be a prestack on X and assume the following hypothesis 

for any U,V e Cx and any morphism U ^ V in Cx, the functor 
juv* '■ S{V) S{U) admits a left adjoint j^y satisfying 



isiu) Juv* 



' juY (or, equivalently, jjjy is fully faithful). 



for all U € Cx the category S{U) admits small inductive limits. 
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Lemma 3.1 Let S be a prestack and assume JT]). Let A £ and A V . 
Then the functor Jav* admits a left adjoint, denoted byj^y. 

{Fu}(u^A)eCA e and let j^^F lim juv^u- 

(u^A)eCA 



Proof. Let 



This defines a functor jj^y : S{A) 
of isomorphisms 



S{V). Let G e S{V). We have the chain 



Hom5(v)(j^^F,G) = Hom5(y)( lim j^yFu.G) 

(u~.A)eCA 
~ lim Hom5(y)(j^^Fc/,G) 

(u-.A)eCA 
~ lim YlouYs(u){Fu,iuv*G) 

(U^A)(iCA 

~ Ylou\s{A){F,jAV*G) 



□ 



Lemma 3.2 Let S be a prestack on X satisfying JT]), let U',U,V G Cx and 
U' -^V. Then 

(i) there exists a canonical morphism July o ju'v* iuy ° juv*, 

(ii) we have j^}y o ju,y^ ~ jjj}y o jij,y^ o o juy^. 



Proof, (i) The adjunction morphism 



u ° JU'U* 



id. 



S{U) 



defines 



(ii) We have ju'v* — ju'u* ° juv*, and then 

ju'v* ° juv — ju'u* ° juv* ° juv — ju'u*- 
Hence we have the chain of isomorphisms 

Ju^v ° ju'v* o juv ° ^uv* ^ ju^v ° ju'u* o juv* ^ ju^V ° ju'v*- 



□ 



Lemma 3.3 Let S be a prestack on X satisfying |[T|. Let U,V,W € Cx and let 
U W , V ^ W be morphisms. Consider the diagram 



U xwV 



V 



w 



where U Xyy V ^ Cx ■ Then there exists a canonical morphism 
(2) Juxwvw ° juxwvw* juw ° juw* °jvw °jvw*- 
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Proof. Since U Xw V € C$t for each F G S{W) we have 

juxwVW*F = {jw'w*F}(w'^uxwV)eCux„v S y) 
hence as in Lemma [STTl 

jul.wVwjuxwVW*F — lim jw'wjw'w*F. 

(W'^UxwV)eCux„v 

By Lemma [321 we have j^]^ o jw'w* ° jyw ° jvw* - 3w'W ° 3w'w* for each 
xwV- We have natural morphisms 

juxwVW ° 3Uxv^VW* ^ iu\wVW ° juxwVW*° Jvw ° jvw* 

Juw ° juw* o Jvw ° jvw* ■ 

□ 

Let U,V,W ^ Cx and let U W, V ^ W he morphisms. The morphism 
^ induces a natural arrow 

JuxwVV ° juxwVU* jvw* ° iuxwVW ° JUxwVW* ° JuW ~^ jvW* ° juW' 

Definition 3.4 A proper stack S on X is a prestack satisfying 
PRSl S is separated, 

PRS2 for each U G Cx, S{U) admits small inductive limits, 

PRS3 for all U,V <^ Cx and U ^ V the functor jjjv* ■ S{V) — > S{U) commutes 
with lim, 

PRS4 for all U,V E Cx and U ^ V the functor juv* ■ S{V) S(U) admits 
a left adjoint Juy, satisfying iAgi^j) juv* ° jjjv ('^^' equivalently, the 
functor j^y is fully faithful), 

PRS5 for allV,U,W eCx, U and V ~> W , the morphism 

juxwVV ° juxwVU* jvw* ° juw 

is an isomorphism. 

Remark 3.5 Here U Xw V £ Cx, since we have not assumed that Cx admits 
fiber products. 

Lemma 3.6 Let us consider the following diagram 

A xvU ^ A 

U 

where U,V £ Cx and A G Cx- Let S he a proper stack on X . Then we have 

juv* ° JaV - jA^vUU °jAxvUA*- 
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Proof. Let F — {Fw}(w^A)eCA ^ ^i^)- We have the chain of isomorphisms 



juv*°iAvP - juv* lim jw\'^w 
{w^A)eCA 

- lim juv*jwv^w 
{w^A)eCA 

- liHJ jux^wujuxvWW*Fw 
(w^A)eCA 

~ lim lim Jw'u^W' 

{W^A)eCA{W'^WxvU)&CwxvU 

- liSJ jw"uPw", 

{W"^AxvU)eCAxvU 

where the second and the third isomorphism follow from PRS3 and PRS5 re- 
spectively. The fourth isomorphism follows since W Xy U G Cx and we have 

juxvWW*Fw — {jw'W*Fw}(W'^WxvU)eCivy.yU — {Fw'}(W'-,WxvU)eCwyvV 

On the other hand we have jAxvUA*F ~ {Fw"}{w"^AxvU)eCA-Kvu ^ hence 
jAlvUU°3AxvUA*F ~ lim jw"uPw"- 

(W"^Ay.vU)eCAy.vU 

□ 



Theorem 3.7 Let X he a site associated to a small category Cx- Let S he a 
proper stack on X . Then S is a stack. 

Proof. Let A ^ V he & local isomorphism. By Proposition 12.31 it is enough to 
show that jAV* ° Jav — ^ ~ {F'Vi}(Vi->A)(^CA ^ ^i-^)- It satisfies, for 

each Vi — > Vj 

(3) jViV,*Fvj ^ Fvi- 

We have to show that jViV*jAvF ~ Fy. for each Vi — > A. Let us consider 
Via ~* ^- By PRS5 and for each Vfe ^ A we have the chain of isomorphisms 

Hence we obtain the isomorphism 

jv,aV*3AvF - jAl.vVi„V,jAxvViaVi„*Fv,^ , 

and jAxvV,oV,jAxvV,ijV^a*Fvig — Fy^^ since S is separated and AxyVig ^ Vi„ 
is a local isomorphism. 

□ 
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Example 3.8 Let k be a field, and X a topological space (or, more generally, 
let X be a site associated to an ordered-set category). The prestack associating 
to an open set U of X the category of sheaves of k-vector spaced on U is a 
proper stack. 
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^More generally, one can consider sheaves with values in a category A admitting small 
inductive and projective limits, such that filtrant inductive limits are exact and satisfying the 
ICP property (see [4; for a detailed exposition). 
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